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ABSTRACT Tyler’s M-estimator (TME) is an accurate and efficient robust estimator for the scatter matrix
when the data are samples from an elliptical distribution with heavy-tails and the number of samples n is
larger than the number of variables p. Unfortunately, TME is not defined when p > n, and various research
works have proposed regularized versions of TME using the spirit of Ledoit & Wolf estimator whose
performance depends on a carefully chosen shrinkage coefficient α ∈ (0, 1). In this paper, we consider the
problem of estimating an optimal shrinkage coefficient α for Regularized TME (RTME). In particular, we
propose to estimate an optimal shrinkage coefficient by setting α as the solution to a suitably chosen objective
function; namely the leave-one-out cross-validated (LOOCV) log-likelihood loss. LOOCV, however, is
computationally prohibitive even for moderate values of n. To this end, we propose a computationally
efficient approximation for the LOOCV log-likelihood loss that eliminates the need for invoking the RTME
procedure n times for each sample left out during the LOOCV procedure. This approximation yields an O(n)
reduction in the running time complexity for the LOOCV procedure, which results in a significant speedup
for computing the LOOCV estimate. We demonstrate the efficacy of the proposed approach on synthetic
high-dimensional data sampled from heavy-tailed elliptical distributions, as well as on real high-dimensional
datasets for object and face recognition. Our experiments demonstrate that the proposed method is efficient
and consistently more accurate than other methods in the literature for shrinkage coefficient estimation.

INDEX TERMS Elliptical distributions, heavy-tailed distributions, scatter matrix estimation, robust covari-
ance matrix estimation, Tyler’s M-estimator, leave-one-out cross-validation.

I. INTRODUCTION
Covariance matrices, and scatter matrices (scaled covariance
matrices), are ubiquitous in statistical models and procedures
for machine learning, pattern recognition, signal process-
ing, and various other fields of science and engineering.
The performance of procedures such as principal component
analysis (PCA) and its extensions [1], linear discriminant
analysis (LDA) and its extensions [2], canonical correlation
analysis (CCA) [3], portfolio optimization for investment
diversification [4], and outlier detection using robust Ma-
halanobis distance [5], all depend on an accurate estimate
of the covariance matrix. Unfortunately, the process of ac-
curately estimating a covariance matrix is challenging since
the number of unknown parameters grows quadratically with
the number of variables (or features) p. The problem is

well-understood when the number of samples n is much larger
than p and the data’s underlying distribution is a multivariate
Gaussian. In this case, the sample covariance matrix (SCM) is
an accurate estimate of the covariance matrix, and is optimal
under most criteria [6].

In various modern applications, however, p may be com-
parable to, or greater than n, and the data’s underlying
distribution may be non-Gaussian and/or heavy-tailed. This
challenge is further exacerbated if the data are also contam-
inated with outliers. In such settings, the SCM is known to
be a poor estimate of the covariance matrix and one needs to
consider estimators that are more accurate and robust than the
SCM. In this work, we are interested in a particular estimator
from the family of robust and affine-invariantM-estimators of
scatter matrices proposed by Maronna [7] – namely Tyler’s
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M-estimator [8], [9] – in the setting where the data’s distribu-
tion is heavy-tailed and the sample support is relatively low;
i.e. p is large, and p ≥ n.1

Various approaches were proposed for estimating high-
dimensional covariance matrices when p ≥ n; shrinkage-
based approaches [12], [13], [14], [15]; specifying an ap-
propriate prior distribution for the covariance matrix [16];
regularization-based approaches [17], [18], [19]; approaches
that exploit sparsity assumptions (banding, tapering, thresh-
olding) [20], [21], [22], [23]; and approaches developed in
the robust statistics literature [24], [25]. Except for some ap-
proaches from the robust statistics literature, most of the other
approaches assume that the data’s underlying distribution is
a multivariate Gaussian, which may not be a reasonable as-
sumption for handling outliers, or samples from heavy-tailed
distributions.

Elliptical distributions (introduced shortly) are the gener-
alization of the multivariate Gaussian distribution and are
suitable for modeling empirical distributions with heavy-
tails, where such heavy-tails may be due to the existence
of outliers in the data [26]. The elliptical family encom-
passes distributions such as Gaussian, Cauchy, Laplace, and
Student-t. Tyler’s M-estimator (TME) is an accurate and ef-
ficient robust estimator for the scatter matrix when the data
are samples from an elliptical distribution with heavy-tails
and n � p. In this setting, and under some mild assumptions
on the data, TME has various attractive properties [8], [9].
TME is strongly consistent, asymptotically normal, and is the
most robust estimator for the scatter matrix for an elliptical
distribution in a minimax sense; minimizing the maximum
asymptotic variance (see Remark 3.1 in [8]). Unfortunately,
in the p > n regime, TME is not defined. Various research
works have proposed regularized versions of TME using the
spirit of Ledoit–Wolf linear shrinkage estimator [15] whose
performance depends on a carefully chosen regularization
parameter, or shrinkage coefficient α ∈ (0, 1) [6], [27], [28],
[29], [30], [31], [32], [33]. Our work here addresses the ques-
tion of shrinkage coefficient estimation for Regularized TME,
and proposes a computationally efficient algorithm for obtain-
ing a near-optimal estimate for this parameter.2

Unfortunately, the recursive nature of TME’s procedure
makes estimating an optimal shrinkage coefficient for this
estimator a non-trivial problem. Arguably, two broad ap-
proaches were considered to address this problem: (i) oracle
and random matrix theory (RMT) based approaches [28],
[31], [32], [36], [37]; (ii) data-dependent approaches based
on Cross Validation (CV) techniques [6], [27], [30], [38];
and (iii) maximum likelihood (ML) based approaches [33].
However, none of these methods jointly address accuracy and
computational efficiency.

Oracle-based approaches are computationally efficient due
to their closed-form solutions but may come short in terms of

1See [10], [11] for a recent overview and results on this family of estima-
tors.

2Shrinkage coefficient estimation for SCM, and generalized M-estimators
for elliptically distributed data, were considered in [34], [35].

accuracy due to their assumptions on the data distribution, as
well as the assumptions on their asymptotic estimates [28],
[31], [32], [36], [37]. Unfortunately, such assumptions may
not hold in finite-sample high-dimensional settings even when
the samples are from an elliptical distribution. For example,
as shown in Fig. 2, closed-form solutions (e.g., CWH [28]
and ZW [32]) tend to under-estimate the value of α as p is
growing greater than n (see more discussion in Section V).
CV techniques on the other hand are more accurate than oracle
based methods since they are data-dependent approaches; this
accuracy, however, comes at the cost of intensive computa-
tions, especially for high-dimensional data, which makes CV
techniques not a favorable option for various applications.

In this paper, we propose a more general approach for
estimating an optimal shrinkage coefficient α∗ for RTME.
Our proposed approach formulates the problem of finding an
optimal shrinkage coefficient as an optimization problem with
respect to parameter α. In particular, we define an optimal
shrinkage coefficient α∗ as the minimizer for the following
loss function; the leave-one-out cross-validated (LOOCV)
ative log-likelihood (NLL) for the estimated scatter matrix
with respect to parameter α (12). Since LOOCV is computa-
tionally prohibitive even for moderate values of n, we propose
a computationally efficient approximation for the LOOCV
NLL loss that eliminates the need for computing the Regu-
larized TME (RTME) n times for each sample left out during
the LOOCV procedure. This approximation yields an O(n)
reduction in the running time complexity for the LOOCV
procedure, which results in a significant speedup in computing
the LOOCV NLL loss.

At a high-level, the resulting procedure, namely the Ap-
proximate Cross-Validated Likelihood (ACVL) method, ex-
ploits mild computation and the given finite sample to select a
(data-dependent) optimal shrinkage coefficient α for RTME.
In addition, the ACVL method is amenable to parallel com-
putation, and is directly applicable to sparse covariance
matrix estimation by means of thresholding the RTME [39].
We demonstrate the efficiency and accuracy of the ACVL
method on synthetic high-dimensional data sampled from
heavy-tailed elliptical distributions, as well as on real high-
dimensional datasets for face recognition (Yale B), object
recognition (CIFAR10 and CIFAR 100), and handwritten digit
recognition (USPS). Our experiments demonstrate that, with
some additional mild computation, the ACVL method is effi-
cient and more accurate than other methods in the literature.

An earlier version of this work with preliminary results ap-
peared in the 2023 IEEE Information Theory Workshop [40].
The present journal article broadens both the scope and depth
of the original contribution. Beyond refining the exposition,
we streamline the derivation for RTME for any desired target
matrix, and we introduce new theoretical insights that connect
the proposed approximation to uniform stability and leave-
one-out risk estimation. The experimental section has also
been significantly expanded to include additional experiments
on synthetic high-dimensional data, as well as real-world
high-dimensional datasets for face and object recognition. In
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FIGURE 1. Comparison between Exact and Approximate Cross-Validated Loss (CVL) for samples drawn from a multivariate Cauchy distribution with
population scatter matrix S defined as the Toeplitz matrix S = (Si, j ) = γ |i− j|, where γ = 0.1 (first row), γ = 0.5 (second row), and γ = 0.85 (third row). See
Section V for more details. For each population matrix configuration, we consider three different settings for p and n; p < n (left column), p = n (middle
column), and p > n (right column). The blue and red solid lines are for the Exact and Approximate CV loss for each value of α, respectively. The blue circle
and red square indicate the optimal values for α obtained from the Exact and Approximate CVL methods, respectively. The running times (in seconds) for
the Exact and Approximate CVL methods are shown in the legend. The speedup for the Approximate CVL method for each sub-figure is: (first row) 24.3x,
35.8x, 20.6x; (second row) 24.0x, 33.7x, 19.0x; (third row) 25.0x, 28.6x, 18.7x.

FIGURE 2. Comparison between the estimated α from three different methods (CWH, ZW, and ACVL) on multivariate Cauchy distributed data with
population matrix S. The solid blue line shows the NMSE between the population matrix S and the scatter matrix̂S estimated using SBP’s RFPI algorithm
for α ∈ (0, 1) and p = 500, in three different settings: p < n (left), p = n (middle), and p > n (right). The population scatter matrix S in this experiment is
the Toeplitz matrix with γ = 0.85; i.e. S is a near-singular matrix. See Section V for more details. The orange, red, and green solid vertical lines indicate the
values for optimal α̂cwh , α̂zw , and α̂acvl obtained using the methods in [28, Eq. (13)], [32, Eq. (12)], and the ACVL method, respectively.

addition, we expand the discussions on the limitations of the
proposed method, and potential directions for future research
work. Collectively, these additions provide a more complete
treatment of the proposed methodology than was possible in
the workshop version.

A. NOTATION AND SETUP
Scalars and indices are denoted by lowercase letters: x, y and
i, j, respectively. Vectors are denoted by lowercase bold let-
ters: x, y, and matrices by uppercase bold letters: X, Y. Sets

are denoted by calligraphic letters: X ,Y , and spaces are
denoted by double-bold uppercase letters: R,S. The identity
matrix is denoted by I, and 0 is the vector with all zeros,
both with suitable dimensions from the context. For x ∈ R

p,
‖x‖ is the Euclidean norm. For a matrix A = (ai j ), ‖A‖F is
the Frobenius norm, Tr(A) is the matrix trace, and det(A) is
the matrix determinant. The space of symmetric and positive
definite (PD) matrices is denoted by S

p
+. The unit sphere

in R
p is denoted by S p, where S p = {x ∈ R

p s.t. ||x|| =
1}.

VOLUME 7, 2026 93



ABOU–MOUSTAFA: EFFICIENT LEARNING OF REGULARIZED TYLER’S M-ESTIMATOR

B. ELLIPTICAL DISTRIBUTIONS
We will use the stochastic model due to [41] and recently used
in the literature to define elliptical random vectors (RV) [39],
[42]. Let z be a p dimensional RV generated by the following
model:

z = μ + uS
1
2 y = μ + ux̃, (1)

where μ ∈ R
p is a location vector, S ∈ S

p
+ is a scatter or

shape matrix, y is drawn uniformly from S p, and u is a
nonnegative random variable (r.v.) stochastically independent
of y. The resulting RV z from the model in (1) is an elliptically
distributed (ED) RV. Note that S in (1) is defined up to scale,
and hence is not unique since it can be arbitrarily scaled with
1/u absorbing the scaling factor u. The distribution function
of u, known as the generating distribution function, consti-
tutes the particular elliptical distribution family of the RV z
(i.e. Gaussian, Cauchy, Laplace, etc.). If z is an ED RV, its
probability density function (PDF) is defined as:

f (z;μ, S, gu) = det (S)−
1
2 gu

(
z̄�S−1z̄

)
, (2)

where z̄ = (z − μ), and gu : R+ �→ R+ is a nonnegative de-
creasing function known as the density generator function and
is not dependent on μ and S, but dependent on the generating
distribution function of u. The density generator function de-
termines the shape of the PDF, as well as the tail decay of the
distribution. For any elliptical distribution, if its population
covariance matrix � exists, then � = cgS for some constant
cg > 0 that is dependent on gu.

II. REGULARIZED TYLER’S M-ESTIMATOR
Let Z n = (z1, . . . , zn) be a sample of n independent and
identically distributed (i.i.d.) realizations from the model in
(1) with location vector μ = 0 and scatter matrix S. We are in-
terested in computationally efficient and statistically accurate
algorithms for estimating the population scatter matrix S using
the samples inZ n in the setting where p > n. Here we do not
make a priori sparsity assumptions on the scatter matrix S.
Without any a priori knowledge on cg and gu, it may seem
less probable to obtain a good estimator for S. In addition, for
some elliptical distributions – such as the multivariate Cauchy
distribution – they may have infinite second moments in which
case the population covariance matrix � does not exist. Thus it
may always be better to consider and estimate the normalized
scatter matrix S which is always defined [29].

TME can be derived as a ML estimator of the shape matrix
for the Angular Central Gaussian (ACG) distribution (defined
in (3)) based on the sample Z n [9]. With μ = 0, the sample
Z n can be written as (u1x̃1, . . . , unx̃n). Since the scalars
u1, . . . , un are unknown, there is a scaling ambiguity and one
can only expect to estimate matrix S up to a scaling factor.
TME overcomes this limitation by working with the normal-
ized samples: xi = zi/‖zi‖ = x̃i/‖x̃i‖, 1 ≤ i ≤ n, where the
scalars ui cancels out. The PDF for the vectors x1, . . . , xn is

given by:

f (x; S) = (2π )−
p
2 �

(
1

2

)
det (S)−

1
2
(
x�S−1x

)− p
2 , (3)

where x ∈ S p, �(·) is the Gamma function, and �(p/2)/
(2π )

p
2 is the surface area of S p. The ACG density in (3)

represents the distribution of directions for samples drawn
from a multivariate Gaussian distribution with zero mean and
covariance matrix S [9]. Thus, only the directions of outliers
can affect TME’s performance but not their magnitude. Given
an i.i.d. random sample X n = (x1, . . . , xn) from a distribu-
tion having the ACG density in (3), the likelihood ofX n with
respect to S is proportional to:

L (X n; S) = det (S)−n/2
n∏

i=1

(
x�

i S−1xi
)− p

2 . (4)

Taking − log of L(X n; S) yields the loss function:

L (X n; S) = p

2

n∑
i=1

log
(
x�

i S−1xi
)+ n

2
log det (S) , (5)

which will be needed for our next discussions. Taking the
derivative of L (X n; S) with respect to S and equating it to
zero, the ML estimator for S is the solution to the following
fixed point equation:

Sn = p

n

n∑
i=1

xix�
i /(x�

i S−1
n xi ), (6)

where xi �= 0, for i = 1, . . . , n since samples lying at the
origin provide no directional information on S. Note that (6)
can be interpreted as a reweighted covariance estimate. If
n > p(p − 1), Theorem 1 in [9] states that with probability
one, the ML estimate of S exists, corresponds to the solution
in (6), and is unique up to a positive multiplicative scalar. The
solution to (6) can be found using the following fixed point
iteration (FPI) algorithm:

Ŝt+1 = p

n

n∑
i=1

xix�
i /(x�

i Ŝ−1
t xi ), (7)

with Ŝ0 = I, or any arbitrary initial Ŝ0 ∈ S
p
+ [43]. Theorem

2.2 and Corollaries 2.2 & 2.3 in [8] show that if n > p + 1
and assuming that every p samples out of X n are linearly
independent with probability one, and that the maximum like-
lihood estimate of S exists, then the FPI algorithm in (7)
almost surely converges to the solution of (6), and the limiting
solution Ŝ = ŜT computed at the last iterate T is unique up to
a positive multiplicative scalar.

TME has various attractive properties and is asymptotically
optimal under different criteria. In particular, TME is strongly
consistent, asymptotically normal, and is the most robust es-
timator for the scatter matrix for an elliptical distribution in
a minimax sense; minimizing the maximum asymptotic vari-
ance (see Remark 3.1 in [8]). Unfortunately, when p > n,
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TME is not defined; the LHS of (6) must be a full rank sym-
metric PD matrix, while the RHS is rank-deficient.3 Various
researchers have proposed different flavors of RTME using the
spirit of [15] linear shrinkage estimator [6], [27], [28], [29],
[31]. In particular, Sun et al. (SBP) [30] proposed the follow-
ing penalized log-likelihood function to derive a regularized
version of TME:

L P (X n; S) = L (X n; S) + βP (S), (8)

where L (X n; S) is defined in (5), and P (S) is a penalty
function defined as: P (S) = Tr(S−1T) + log det(S), with
β > 0 is the regularization parameter (or shrinkage coeffi-
cient). Matrix T ∈ S

+
p is a given target matrix with some

desirable structural properties (diagonal, banded, Toeplitz,
etc.). Letting α = β/(1 + β ), the solution to (8) has to satisfy
the fixed point equation:

Sn = (1 − α)
p

n

n∑
i=1

xix�
i

x�
i S−1

n xi
+ αT. (9)

Note that α ∈ (0, 1) for any 0 < β < ∞. Starting from an
arbitrary Ŝ0 ∈ S

+
p , the final solution can be obtained using the

Regularized FPI (RFPI) algorithm:

Ŝt+1(α) = (1 − α)
p

n

n∑
i=1

xix�
i

x�
i Ŝ−1

t (α)xi
+ αT, (10)

where α ∈ (0, 1) is the shrinkage coefficient that controls the
amount of shrinkage applied to scatter matrix S towards the
target matrix T. Theorem 11 and Proposition 13 in [30] estab-
lish the necessary and sufficient conditions for the existence
and uniqueness of the solution to Equation (9), while Proposi-
tion 18 ensures that the RFPI in (10) converges to the unique
solution of (9).

Without loss of generality, if T = I and α = 0, one restores
the unbiased TME in (7), and if α = 1 the estimator reduces to
the uncorrelated scatter matrix αI. When p < n, and the sam-
ples are drawn from an elliptical distribution, α is expected
to be zero (or close to zero) and results for the existence and
uniqueness of the estimator still hold [29]. When p ≥ n, α is
expected to be large;4 however to ensure the existence and
uniqueness of the estimator, α needs to be strictly greater than
1 − n/p [29], [30].

A. RUNTIME ANALYSIS FOR THE RFPI ALGORITHM
The magnitude of α has an impact on the accuracy of the
final estimate Ŝ = ŜT , as well as on the convergence speed
for the RFPI algorithm. In particular, Lemma 1 in [39] gives
a result on the uniform linear convergence of the algorithm
in (10) to a unique solution; for desired accuracy ε, con-
vergence ratio r, and sufficiently large α > p/n − 1, at most

log1/r (1/ε)� iterations are needed for (10) to converge to the

3Regularization may still be needed for p ≤ n ≤ p(p − 1) when the points
are not in general position, and/or the samples are not drawn from an elliptical
distribution.

4If p < n and the samples are heavy-tailed and not from an elliptical
distribution, α is expected to be large as well.

unique solution of (9). A preliminary analysis of the RFPI
algorithm shows that the running time for each iteration is
O(np2 + p3) where O(np2) is the time needed to compute
the sum of rank-one matrices, and O(p3) is the time needed
to compute the inverse matrix Ŝ−1

t (α). Since Ŝt (α) is PD,
an efficient computation for the inverse can be done using
Cholesky factorization [44]: Ŝt (α) = LL�, where L is a lower
triangular matrix. Cholesky factorization requires 1

3 p3 flops:
1
6 p3 multiplications, and 1

6 p3 additions. Finally inverting a
triangular matrix will require p2 flops. If T iterations are
needed for the RFPI algorithm to converge, its total running
time complexity will be O(T (np2 + p3)).

III. OPTIMAL CHOICE OF SHRINKAGE COEFFICIENT α

Our objective is to find an appropriate α that is optimal under
a suitable loss function. If the true scatter matrix S is known,
one can choose a shrinkage coefficient that minimizes an
appropriate distance metric between Ŝ and S. Since S is un-
known, our approach will depend on the loss function of X n

with respect to S in (5). In particular, for a fixed ᾱ ∈ (0, 1),
suppose that Ŝ(ᾱ) is an estimate of the true scatter matrix S.
Given the sampleX n, one can assess the quality of Ŝ(ᾱ) with
respect to X n using the loss function L (X n; S) in (5), by
replacing S with Ŝ(ᾱ). Using this approach, an optimal α with
respect to X n, denoted α∗, will be the one that minimizes
L (X n, Ŝ(α)) over α ∈ (0, 1); i.e.

α∗ = arg min
α∈(0,1)

L (X n; Ŝ(α)). (11)

The problem with this direct approach is that Ŝ(α) needs to
be computed using the sample X n. That is, X n will be used
twice; first time to compute Ŝ(α), and a second time to assess
the quality of Ŝ(α) using L (X n; Ŝ(α)) in (5). This is known
as double dipping and inevitably it leads to an overfit estimate
of α.

CV techniques address this problem by splitting the data
into two non-overlapping samples; one sample for estimat-
ing S and the other sample for estimating the loss L .
Here, we propose to use Leave-One-Out CV (LOOCV)
for estimating S and L . In particular, for 1 ≤ i ≤ n,
LOOCV splits X n into two sub-samples: the sample X n\i =
(x1, . . . , xi−1, xi+1, . . . , xn), and the sample (xi ) which con-
tains the single data point xi. The sample X n\i will be used
to estimate S(α) using the RFPI algorithm in (10), while the
single sample (xi ) will be used to estimate L (xi; Ŝ(α)). This
process is repeated n times and the LOOCV estimate will be
the average of all L (xi; Ŝ(α)), 1 ≤ i ≤ n. Using LOOCV, an
optimal α can be computed as follows:

α̂∗
CV = arg min

α∈(0,1)
L CV (X n, α), (12)

where L CV (·) is the average CV Loss (CVL) defined as:

L CV (X n, α) = 1

n

n∑
i=1

L (xi; Ŝ(α;X n\i )), (13)
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and Ŝ(α;X n\i ) is estimated from the points in X n\i us-
ing the RFPI algorithm (10). In practice, one possible ap-
proach to solve problem (12) can be using a simple grid
search: (i) define a discrete range of increasing values of α:
(α1, . . . , α j, . . . , αm); (ii) evaluate L CV (X n, α j ) for each α j

using (13); and (iii) choose α j with the minimum L CV (·).5
For a reasonably fine discretization for the range of α’s, this
direct estimation approach will yield an estimate for α that is
reasonably close to its optimal value. For simplicity, we refer
to this method for estimating α∗ as the Exact CVL method.

A. SOME PROPERTIES OF RTME, L (X n; S), AND LOOCV
TME is strongly consistent and asymptotically normal [8].
The sample applies to RTME for a properly chosen ᾱ ∈
(αmin + ε, 1 − ε), where ε > 0, and αmin = 1 − n/p to en-
sure existence and uniqueness of ŜT ∈ S

p
+. The Riemannian

manifold of symmetric PD matrices S
p
+ is a subset of

R
p(p+1)/2 and is a compact space [43]. For S ∈ S

p
+, the log

likelihood function L (X n; S) in (5) is geodesically convex
with respect to S

p
+ [38], [45], and properties for this type of

likelihood functions has been studied in [46]. In particular,
L (X n; S) maintains the three main properties of maximum
likelihood estimators: consistency, efficiency, and functional
invariance. Thus, asymptotically,L (X n; S) will concentrate
around its expectation.

The LOOCV estimate is almost an unbiased estimate in the
following sense [47, Ch. 24]: for fixed p and ᾱ,

EL CV (X n, ᾱ) = EL (X ′
n−1; Ŝ(ᾱ;X n−1)), where

the expectations are w.r.t the random samples X n, X ′
n−1,

X n−1, andX ′
n−1 ⊥⊥ X n−1; i.e.L CV (X n, ᾱ) is an estimator

for L ∗ (̂S(ᾱ;X n−1)) rather than for L ∗ (̂S(ᾱ;X n)), where

L ∗ (̂S(ᾱ;X n−1)) = E[L (X ′
n−1; Ŝ(ᾱ;X n−1)) |X n−1],

and L ∗ (̂S(ᾱ;X n)) = E[L (X ′
n; Ŝ(ᾱ;X n)) |X n].

Thus, L CV (X n, ᾱ) converges to the expected risk L ∗ (̂S(ᾱ;
X n−1)). However, both random quantities L ∗ (̂S(ᾱ;X n−1))
and L ∗ (̂S(ᾱ;X n)) converge with probability one, and
asymptotically the difference between L ∗ (̂S(ᾱ;X n)) and
L ∗ (̂S(ᾱ;X n−1)) will be negligible. The asymptotic prop-
erties of RTME, L (X n; S), and LOOCV, encourage us to
postulate the following proposition which will be useful for
introducing our approximation approach discussed in Sec-
tion IV.

Proposition 1 (Stability of RTME): Let x = z
‖z‖ be a ran-

dom vector from the model in (1) s.t. x is independent ofX n,
and let p and ᾱ be predefined fixed values, where ᾱ ∈ (αmin +
ε, 1 − ε), and ε > 0. Then, under the following asymptotic
conditions: (i) the samples in X n are i.i.d., (ii) the consis-
tency of RTME, and (iii) the consistency and concentration of
L (X n, S), we have that for large values of n, and for any i
chosen (randomly) from i = 1, . . . , n, the following holds:

5Note that when p > n, and for existence and uniqueness results to hold,
α needs to be strictly greater than 1 − n/p [29], [30], and hence there is no
need to evaluate L CV (·) for α ≤ 1 − n/p.

1) ‖̂S(ᾱ;X n) − Ŝ(ᾱ;X n\i ))‖2 = O(1/n), and
2) |L (x; Ŝ(ᾱ;X n)) −L (x; Ŝ(ᾱ;X n\i ))| = O(1/n),
where ‖ · ‖2 is the matrix operator (spectral) norm.6

Proposition (1) asserts, based on an asymptotic argument,
that for a fixed p and ᾱ, and as n is increasing, Ŝ(ᾱ;X n) ≈
Ŝ(ᾱ;X n\i ), or more generally, Ŝ(ᾱ;X n) ≈ Ŝ(ᾱ;X n−1); i.e.
the estimator for S is not too sensitive to the removal of
one sample from X n. Consequently, the difference between
L (x; Ŝ(ᾱ;X n)) andL (x; Ŝ(ᾱ;X n\i )) will be small for any
sample xi randomly chosen from X n, where i = 1, . . . , n.
The notion of sensitivity of an estimator with respect to the
removal (or replacement) of one sample from X n is known
as Algorithmic Stability and it has been extensively leveraged
in learning theory to derive generalization bounds on the risk
of various learning algorithms [48], [49]. Our approximation
approach introduced in the following section will leverage
the previous insight from Proposition (1) to approximate
Ŝ(ᾱ;X n\i ) and speedup the computation for the LOOCV
estimate in (13).

B. THE COMPUTATIONAL OVERHEAD OF LOOCV
Unfortunately, LOOCV is well known for its substantial com-
putational overhead. For a fixed ᾱ and for n samples in X n,
LOOCV will make n calls for the RFPI algorithm in order
to compute L (xi, Ŝ(α;X n\i )) in the RHS of (13). Thus, for
m values of α j from (α1, . . . , αm), the Exact CVL method
in (12) will require mn calls for the RFPI algorithm, which
is prohibitive even for moderate values of n. If the RFPI
algorithm requires T iterations to converge, then the RFPI
algorithm will consume O(mn.T (np2 + p3)) time from the
Exact CVL method in (12), where O(T (np2 + p3)) is the
running time for a single call for the RFPI algorithm.

The above analysis motivates an approximation that reuses
a single RTME solution to accelerate the Exact ACVL
method. Specifically, our objective in the following section is
to reduce the computational complexity from O(mn.T (np2 +
p3)) to O(m.T (np2 + p3)). The improvement in speed due
to this approximation while preserving the accuracy of the
estimated α is shown in Fig. 1 for the multivariate Cauchy dis-
tribution. In particular, Fig. 1 depicts the Exact CVL method
vs. the approximation developed in the following section in
terms of the average CV loss in (13), running time (in sec-
onds), and the optimal α obtained from each method (details
in Section V).

IV. APPROXIMATE LOOCV
The approximation approach proposed here is motivated by
our observation from Proposition (1) that under the i.i.d.

assumption on X n, and for large n, the estimator for S is
not too sensitive to the removal of one sample from X n; i.e.
Ŝ(ᾱ;X n) ≈ Ŝ(ᾱ;X n−1). For a fixed ᾱ, the RFPI algorithm

6The formal proof for Proposition (1) is omitted due to space limitations.
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in (10) can be expressed in a more enlightening form as fol-
lows:

Ŝt+1(ᾱ) = (1 − ᾱ)p

(
1

n

n∑
i=1

w−1
t,i xix�

i

)
+ ᾱT, (14)

where wt,i = x�
i Ŝ−1

t (ᾱ)xi, and t = 1, . . . , T . The first term
in the RHS of (14) involves a weighted sample covariance
matrix using the weights wt,i and the RFPI algorithm itera-
tively estimates these weights until convergence. For initial
matrix Ŝ0 ∈ S

p
+, let (ŵ1, ŵ2, . . . , ŵn) be the optimal weights

estimated using X n and the RFPI in (14). Then, the final
estimate for the scatter matrix can be written as:

Ŝ(ᾱ;X n) = (1 − ᾱ)
p

n

n∑
i=1

1

ŵi
xix�

i + ᾱT. (15)

Similar to (15), using ᾱ and initial matrix Ŝ0, the final estimate
Ŝ using X n\i and the RFPI in (14) will be:

Ŝ(ᾱ;X n\i ) = (1 − ᾱ)
p

n − 1

n∑
j=1, j �=i

1

v̂ j
x jx�

j + ᾱT, (16)

where (̂v1, . . . , v̂i−1, v̂i+1, . . . , v̂n) are the optimal weights es-
timated using X n\i. In terms of computations, and for a fixed
ᾱ ∈ (0, 1), computing the final estimate Ŝ(ᾱ;X n\i ) for each
i = 1, . . . , n requires invoking the RFPI algorithm n times
during the LOOCV procedure. This yields a total running time
of O(nT (np2 + p3)) which is inefficient even for moderate
values of n and p.

Suppose that the true scatter matrix S∗ ∈ S
+
p is known and

(S∗)−1 has been computed. Then, the final estimate Ŝ(ᾱ;X n)
in (15) can be directly computed without invoking the RFPI
algorithm in (14):

Ŝ(ᾱ;X n) = (1 − ᾱ)p

n

n∑
i=1

1

ŵ∗
i

xix�
i + ᾱT , (17)

where ŵ∗
i = x�

i (S∗)−1xi. Similarly, using (S∗)−1, the final
estimate Ŝ(ᾱ;X n\i ) in (16) can be directly computed without
invoking the RFPI algorithm in (14):

Ŝ(ᾱ;X n\i ) = (1 − ᾱ)p

n − 1

n∑
j=1, j �=i

1

v̂∗
j

x jx�
j + ᾱT , (18)

where v̂∗
j = x�

j (S∗)−1x j . Note that both ŵ∗
i in (17) and v̂∗

j in
(18) are dependent on the true but unknown scatter matrix S∗
and in this case: v̂∗

j = ŵ∗
j for j �= i, and j = 1, . . . , n. Since

S∗ is unknown, we propose to approximate Ŝ(ᾱ;X n\i ) in (18)
using the following estimate:

S̃(ᾱ;X n\i ) = (1 − ᾱ)p

n − 1

n∑
j=1, j �=i

1

ṽ j
x jx�

j + ᾱT, where

ṽ j = x�
j Ŝ(ᾱ;X n)−1x j . (19)

That is, we plug in the Regularized TME Ŝ(ᾱ;X n) ∈ S
+
p

from (15) into equation (18) to obtain the new weights ṽ j , for

j �= i, j = 1, . . . , n; then use the new weights ṽ j to obtain the
new estimate S̃(ᾱ;X n\i ) in (19). Using this plug-in approxi-
mation, and for a fixed ᾱ ∈ (0, 1), computing S̃(ᾱ;X n\i ) does
not require invoking the RFPI algorithm for each i = 1, . . . , n.
Instead, the RFPI algorithm will be invoked once to compute
Ŝ(ᾱ;X n) in (15), while S̃(ᾱ;X n\i ) in (19) can be directly
computed for each i = 1, . . . , n. Using the plug-in approxi-
mation in (19), an optimal α can now be computed as follows:

α̂∗
CV = arg min

α∈(0,1)
L̃ CV (X n, α), where (20)

L̃ CV (X n, α) = 1

n

n∑
i=1

L (xi, S̃(α;X n\i )), (21)

and L̃ CV (X n, α) is the approximate cross-validated loss
(ACVL); and we refer to the problem in (20) as the ACVL
method. For m values of α in (α1, . . . , αm), the RFPI algo-
rithm will now consume O(m ∗ T (np2 + p3)) running time
from the ACVL method.

Discussion: The proposed approximation S̃(ᾱ;X n\i ) is
motivated by the properties of RTME, L (X n; S), the
LOOCV loss, and Proposition (1) in Section III-A. This ap-
proximation is expected to be accurate whenever the RTME
exhibits algorithmic stability with respect to single perturba-
tions, which is empirically observed for: (i) moderate to large
sample sizes (n); (ii) α is away from its boundary values;
i.e. α̂∗ ∈ (1 − (n/p) + ε, 1 − ε), ε > 0; and (iii) the data are
elliptically distributed but with bounded influence points (i.e.
the data distribution may be heavy-tailed but without adver-
sarial points).

On the other hand, approximation accuracy may degrade in
one or more of the following settings: (i) ultra-small sample
regimes; (ii) α is very close to, or equal to, its boundary values
which puts RTME at its existence boundary (α ≈ 1 − n/p);
or (iii) in the presence of extreme leverage (or adversarial) ob-
servations. Finally, as with any likelihood-based approach, the
approximation may be affected by model misspecification; i.e.
if the data deviates substantially from elliptical symmetry as
in the case of strongly multi-modal or mixture model settings.

V. EMPIRICAL EVALUATION
In this section, we evaluate the performance of the ACVL
method on synthetic and real high-dimensional datasets, and
compare it with other shrinkage coefficient estimation meth-
ods in the literature; in particular the methods proposed
in [28], [32], and [15]. For synthetic data, and similar to other
works in the literature on RTME [6], [28], [29], [30], [31],
[39], we consider the Toeplitz matrix used in [20] to be the
population scatter matrix S for the elliptical RV in (1); i.e.
S = (si, j ) = γ |i− j|, where γ = {0.1, 0.5, 0.85}. Note that S
approaches a singular matrix when γ → 1, and S approaches
the identity matrix when γ → 0.

The random quantities u and y in (1) are stochastically
independent. We let y1, . . . , yn be samples from a p-variate
standard Gaussian distribution N (0, I). For r.v. u, we consider
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four different choices for heavy-tailed distributions: (i) ui = 1,
which makes {z1, . . . , zn} are i.i.d. samples from N (0, S);

(ii) ui =
√

d/χ2
d , a Student-t distribution with degrees of

freedom d = 3; (iii) ui = Laplace(0, 1), a heavy-tailed dis-
tribution with finite moments; and (iv) ui = Cauchy(0, 1), a
heavy-tailed distribution with undefined moments. Note that
since TME and RTME operate on the normalized samples
xi, the scalars ui’s cancel out, and the resulting plots become
identical regardless of the distribution of ui. For this reason,
we show here only the plots for the multivariate Cauchy dis-
tribution.

The accuracy of an estimator Ŝ is measured using the nor-
malized mean squared error (NMSE) ‖̂S − S‖2

F /‖S‖2
F . The

convergence criterion for all RFPI algorithms is ‖̂S − S‖2
F <

ε, where ε = 1.0e − 9 is the desired solution accuracy. For
Fig. 2, p is set to 500, while n is set to three different values
{1000, 500, 250} to consider three different scenarios: p < n,
p = n, and p > n, respectively. The value of C that appears on
the right y-axis in all figures is for the ratio p/n.

Fig. 1 compares the Exact CV loss to the Approximate CV
loss developed in the previous section, for the multivariate
Cauchy distribution (which has undefined moments). It can
be seen that the Exact CV loss in (13) (solid blue line) and
the Approximate CV loss in (21) (solid red line) are almost
identical in all settings: p < n, p = n, p > n, and for all values
of γ = {0.1, 0.5, 0.85}. Also note that the optimal α estimated
using the ACVL method (red square) overlaps the optimal
α estimated using the Exact CVL (blue circle) in all nine
settings. In terms of speedup, the ACVL method is at least
20× faster than the Exact CVL method in all the different
settings (see exact runtimes in the legends of Fig. 1).

Fig. 2 compares the shrinkage coefficient estimated using
the ACVL method in (20), denoted by α̂acvl , with the shrink-
age coefficients estimated from the closed-form expressions
in [28, Eq. (13)] (CWH), denoted by α̂cwh, and [32, Eq. (12)]
(ZW), denoted by α̂zw. While the methods in [28] and [32]
are faster than the ACVL method due to their closed-form
expressions, it can be seen that the ACVL method provides
more accurate estimates for α especially when p ≥ n. Also, it
can be noticed that the estimates from [28] and [32] tend to
diverge from the optimal value as p is growing greater than
n. The tendency for methods based on asymptotic analysis
and RMT results to over/under estimate the value for α is
understandable since such methods make explicit assumptions
about the data’s underlying distribution. This over/under es-
timation of α leads to larger values of the NMSE as shown
in Fig. 2, as well as larger values for the LOOCV NLL loss
as demonstrated in the following experiments on real-world
high-dimensional datasets.

A. EMPIRICAL VALIDATION ON REAL DATASETS
Tables 1–4 compare the LOOCV NLL loss for the scatter
matrices estimated using Ledoit–Wolf (LW) estimator [15],
and the RTME with shrinkage coefficients from CWH [28],
ZW [32], and the ACVL method in (20).

TABLE 1. Comparison Results for the First 6 (Out of 38) Classes From the
Extended Yale B Dataset; n = 64, p = 1024

TABLE 2. Comparison Results for the First 6 (Out of 20) Classes From the
CIFAR100 test Set; n = 500, p = 1024

TABLE 3. Comparison Results for the First 6 (Out of 10) Classes From
CIFAR10 test Set; n = 1000, p = 1024

TABLE 4. Comparison Results for the First 6 (Out of 10) Classes From the
USPS Dataset; p = 256. Note That n Varies for Each Digit’s Class

The comparison between the different estimators was car-
ried out using four real-world high-dimensional datasets: (i)
the Extended Yale B dataset for face recognition [50]; (ii) the
test set for the CIFAR100 dataset for object recognition; (iii)
the test set for the CIFAR10 dataset for object recognition;
and (iv) the United States Postal Service (USPS) dataset for
handwritten digits [51]. Note that the number of samples n
varies for each digit’s class from the USPS dataset.
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The Extended Yale B dataset consists of 2414 frontal-face
grayscale (intensity) images for 38 subjects – approx. 64 im-
ages per subject – where each image size (height × width) is
192 × 168 pixels. The images were captured under different
poses, lighting conditions, and facial expressions. The exact
face images are cropped and scaled to 32 × 32 pixels (i.e.
p = 1024). The CIFAR10 and CIFAR100 datasets consist of
colored (RGB) images for ten (10) and one hundred (100)
objects, respectively, from different visual categories (trucks,
ships, dogs, mountains, frogs, apples, roads, etc.) Each col-
ored image has a size of (height × width × channels) 32 × 32
× 3 which is then converted to a grayscale (intensity) image
with a final size of 32 × 32 pixels (i.e. p = 1024). 7 The USPS
dataset consists of 9298 grayscale images each with a size of
16 × 16pixels (i.e. p = 256). The images are obtained from
scanning handwritten numerals from envelopes by the U.S.
Postal Service and they reflect a wide range of handwriting
styles.

Tables 1 to 4 show that scatter matrices estimated using
RTME result in lower LOOCV NLL loss compared to those
estimated with the LW estimator. The better performance
of RTME indicates that multivariate elliptical distributions
may be more effective than Gaussian distributions for model-
ing high–dimensional data with unknown empirical distribu-
tions. Regarding shrinkage coefficients for RTME, the ACVL
method consistently achieves lower LOOCV NLL loss than
the methods in [28] and [32] across all cases. This supports
the earlier observation that inaccurate estimation of the coeffi-
cient α increases LOOCV NLL loss and may compromise the
performance of downstream inferential tasks.

VI. CONCLUDING REMARKS
Robust estimation of high-dimensional covariance matrices
from empirical data remains a significant challenge, particu-
larly when p ≥ n. This work focuses on TME, which provides
accurate and efficient robust estimation of the scatter matrix
for samples drawn from elliptical distributions with heavy
tails, under the condition that n � p. Because TME is unde-
fined when p ≥ n, several studies have introduced regularized
versions of TME, where the performance depends critically
on the choice of the shrinkage coefficient α ∈ (0, 1). Our
work here builds on these efforts by proposing an alterna-
tive method for estimating the optimal α for RTME. Unlike
existing methods, the proposed approach utilizes efficient
computation and the available finite sample to estimate a near-
optimal α for RTME. The key computational component is
the Approximate LOOCV NLL loss for the estimated scatter
matrix as a function of α (20). The resulting procedure, named
the ACVL method, demonstrated competitive performance in
experiments with both high–dimensional synthetic and real-
world datasets.

The proposed approximation relies on asymptotic algorith-
mic stability for RTME; specifically, that the estimator for
scatter matrix S is not too sensitive to the removal of one

7See Matlab’s rgb2 Gy() function for more details.

sample from X n; Ŝ(ᾱ;X n) ≈ Ŝ(ᾱ;X n−1). k-folds cross-
validation (KFCV) is another popular technique for model
selection that is computationally more efficient than LOOCV,
but also less accurate than LOOCV. KFCV may seem a
potential candidate to replace the LOOCV in our proposed
learning framework. Unfortunately, from an algorithmic sta-
bility standpoint, KFCV will require a more stringent stability
assumption for the estimator of scatter matrix S [49]; specifi-
cally, that the estimator for S is not too sensitive to the removal
of m = n/k samples from X n, where k > 1 is the number
of folds used for KFCV. A deeper theoretical understanding
of RTME’s stability and its interaction with KFCV remains
an open and promising avenue for future research work, with
potential impact beyond robust covariance matrix estimation.

A natural direction for future work is to establish a deeper
theoretical foundation for the stability properties underlying
the proposed approximation. In particular, it is of interest to:

i) Extend the current asymptotic results to derive asymp-
totic equivalence between the minimizers of the Ap-
proximate and Exact LOOCV objectives, thereby guar-
anteeing consistency of the proposed ACVL method.

ii) Derive explicit finite-sample bounds quantifying
RTME’s sensitivity to single-sample perturbations.

Beyond the specific setting considered here, the approxi-
mation principle introduced in this work suggests a broader
applicability. In particular, it will be interesting to extend
the stability-based argument to other fixed-point covariance
estimators such as structured, sparse, or constrained robust
M-estimators, and more broadly to the selection of regular-
ization parameters and hyperparameters for various classes of
learning algorithms. This could yield general and computa-
tionally efficient methodologies for hyperparameter selection
in high-dimensional robust estimation problems.
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